HIGHER-ORDER VARIATIONS OF THE p-DIRICHLET ENERGY
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In this post, we would like to discuss some combinatorial aspects of the p-Laplacian.
Namely, let [, [Vul? dx be the p-Dirichlet energy, where u € W'?(Q) and p > 1. Its first
variation is given by

D ( [1vur dx) €)= [ 19u (V. Ve

where & € WHP(Q).

The second variation (if exists) is also easy to compute:

D ([ 1vuP o) (616 =ply~2) [ [Vl (V0,96)(V0, V&) do

+p / (VulP~2(V&, VE) da,
Q

where & € WHP(Q).

Let us make some effort to calculate the third variation:
D’ (/Q [Vul? dl") (&1, 62,&) =plp—2)(p—4) /Q [VulP = (Vu, V&) (Vu, VE) (Vau, VEs) da
+plp=2) [ [VuP~(Vu V&)V VEr) da
+plp=2) [ [VaP(Vu, Ve (Ve VEr) da

o —2) / Va4 (Vu, V&) (Ve VEy) d,

where & € WP(Q).

We already start seeing some structure. So, let us now try to derive a general formula for
the n-th variation of the energy functional. Our main result is the following one.

Proposition 0.1. Let u € W'P(Q). If for a natural n > 1 there exists n-th variation of the
p-Direchlet energy of u in direction (&1,...,&,) € (WHP(Q))", then

pr (/Q ywpdx) (E1r-. . 60)
2] n—i-1
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X H(VU, V&(k))( Z H(Vfw(u),vfw(z,z)))] )diﬂ,

c€B(n,n—2i) k=1 weP(n,o) I=1
where

(1) B(n,n — 2i) is the set of all possible (n — 2i)-combinations of {1,2,...,n} such that
the ordering inside each o € B(n,n — 2i) is immaterial. Evidently, the cardinality of
B(n,n —2i) is (")) In particular, if i =0, then card(B(n,n — 2i)) = 1.

(2) P(n,o) is the set of all possible partitions of the set {1,2,... ,n}\ o into pairs such
that the ordering of pairs and inside a pair is immaterial. Note that card(o) = n—2i,
and hence the number of pairs in each w € P(o) is i. It is not hard to see that the

cardinality of P(o) is (22;2!!- We represent w as a i X 2-matriz (w(s,t))s=1.i t=12. For

instance, if n =6 and o = {1,2}, then

ro={(i8).G 5)( o)}

Let us also calculate the fourth variation (just for fun) - either by straightforward compu-
tation, or by application of our general formula:

D (/Q |Vul? dx) (€1,62,83)
=p(p = 2)(p —4)(p— 6) / VUl (Vu, V&) (Vu, V&) (Y, V63) (Vu, V) do

+plp =20 = 4) [ IValr V0, 96) (T, V) (Véa, V) do
+plp=2)(p—4) [ IVal (V0. 96)(V, V) (V6a, V) do
+plp =20 = 4) [ IVal (V0 96) (T, V0 (Véa, V&) do
+plp=2)(p—4) [ IVal (V0. V) (V0. V) (V1. V) do
+plp =20 —4) [ IVal (V0,96 (Vu, V0 V61, V) do
+plp=2)(p—4) [ [Val (V0. V) (V0. V1) (V1. V) do
+plp=2) [ [VaP (V6 V) (V6 V0 do

+plp=2) [ [VuP(96, V6) (Ve V) da

+p(p —2) /Q |VulP~(VE&, VE) (VEs, VEs) da.

where &, € WP(Q).



HIGHER-ORDER VARIATIONS OF THE p-DIRICHLET ENERGY 3

Visually, it could be easier to present this result as an n-th directional derivative of the
p-th power of the norm of a vector. Namely, if A, B; € R, then for any natural n > 1, we
have

L%J n—i—1 n—21 %

= AP -2 >, []A Bw) (Bu(t,1) Bu2)

=0 j=0 ceB(n,n—2i) k=1 weP(n,o) l=1




